UNIFORM DISTRIBUTION OF ORBITS OF LATTICES ON SPACES OF 

FRAMES 



ALEXANDER GORODNIK 

Abstract. We study distribution of orbits of a lattice T C SL(n, R) in the the space V n ,i 
of ^-frames in R n (1 < I < n — 1). Examples of dense T-orbits are known from the work 
of Dani, Raghavan, and Veech. We show that dense orbits of T are uniformly distributed 
in V n ,i with respect to an explicitly described measure. We also establish analogous result 
for lattices in Sp(n,R) that act on the space of isotropic n-frames. 



1. Introduction 

Let G = SL(n, R) and V n j be the space of /-frames in R n (i.e. the space of /-tuples of 
linearly independent vectors in R"), 1 < I < n. The group G acts on this space as follows: 

g ■ (v vi) = (gv u . . . , gv{), g e SL(n, R), (v u ...,v t )e V„,j. 

The action is transitive for I < n. Let T be a lattice in G; that is, a discrete subgroup in G 
such that the factor space T\G has finite volume (e.g. T = SL(n, Z)). The main result of 
this paper concerns distribution of T-orbits in V n ,/. 

When I = n, every orbit of T is discrete. The situation becomes much more interesting 
for I < n. Let us recall known results: 

Theorem 1. (Dani, Raghavan [DR80J) Let Y = SL(n,Z), and v = (vi,...,Vi) be an 
I- frame in MJ 1 , 1 < I < n — 1. Then the orbit V ■ v is dense in V n) i iff the space spanned by 
{vi : i = 1, . . . ,1} contains no nonzero rational vectors. 

Theorem 2. (Veech |Ve77j ) If T is a cocompact lattice in G, then every orbit ofY in V n j, 
1 < I < n — 1, is dense. 

Theorems ^ and 121 provide examples of dense T-orbits in V n j. Here we show that dense 
T-orbits are uniformly distributed with respect to an explicitly described measure on V n j. 
This measure is y^j^y? where dv is the Lebesgue measure on n!=i^ n ; an d Vol(u) is the 
/-dimensional volume of the frame v. 

Note that the measure dv is G- invariant, and it is unique up to a constant. However, 
orbits of T are equi distributed with respect to the measure y^jj-y, which is not G- invariant. 

This phenomenon was already observed by Ledrappier [Le99j. 
Define a norm on M(n, R) by 



x 



(Tr(*xx)) 1/2 = I Vi| ] for x = (x tj ) G M(n, 
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For T > 0, Q C V n>h v° e V n , h put 

n t (q, v °) = |{ 7 er : || T || <t^- v ° en}\. (2) 

We determine asymptotic behavior of Nt(Q, v°) as T — > oo. This result gives a quantitative 
strengthening of Theorems □ and |U and it can be interpreted as uniform distribution of 
dense orbits of T in V nj j. 

Theorem 3. Lei T be a lattice in SL(n,M.). Let v° e V n ,z fre an l-frame in R n such that 
T-v° is dense in V n ,i- Let Q be a relatively compact Borel subset ofV n j such that j dn dv = 0. 
Then 

^(ny,. (7 * Wum os r ^oo, (3 ) 



P(r\G) V7„Voi(t,) 

where a n j is a constant (which is computed in below), and p, is a G -invariant measure 
on F\G (which is defined in \29) below). 

Remark. The term yC"- 1 )^) in © comes from the asymptotics of the volume of the set 
{h G H : < T} in the stabilizer H of t>° with respect to the measure on H which is 
determined by the choice of the Haar measures on G and V n j = G ■ v (see Section^. 

For n = 2 and 1 = 1, this theorem was proved by Ledrappier |Le99j for general F and by 
Nogueira |No00j for T = SL(2, Z) and max- norm using different methods. 
Combining Theorems □ and H3 we get: 

Corollary 4. Let T = SL(n, Z). Let v° = (v®, . . . € V n) ; fre an l-frame in R n snca taat 
tae space (v®, . . . ,vf) contains no nonzero rational vectors. Let Q be a relatively compact 
Borel subset ofVnj such that J d(l dv = 0. Then 

AT T (ny) ~ fc M Vol(^~" as T^oo, (4) 

where b n j is a constant (which is computed in \8fy) below). 

Example Figure □ shows a part of the the orbit SL(2,Z)n° for v° = *(v^,>/3). By the 
result of Ledrappier, this orbit is uniformly distributed in IR 2 with respect to the measure 

dxdy 



Dani and Raghavan also considered orbits of frames under Sp(n, Z). Denote 

J -- 






E 


—E 






where E is the identity n x n matrix. The symplectic form (x, y) i— ► t x Jy will be denoted 
by J too. Let 

G = Sp(n, E) = {g E SL(2n, E) : *gjg = J} 

and T = Sp(n, Z). A frame (vi, . . . , v s ) is called isotropic if the symplectic form J is on 
the space spanned by {v{ : i = 1, . . . , s}. 

Theorem 5. (Dani, Raghavan DR80 ) Let v = (v\, . . . ,v n ) be an isotropic frame in 
IR 2 ™ . Then V -v is dense in the space of isotropic n-frames iff the space spanned by {vi : i = 
1, . . . , n} contains no nonzero rational vectors. 
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Figure 1. 



A result similar to Theorem El holds in this case too. Denote by W n the space of 2n- 
dimensional n-frames that are isotropic with respect to the standard symplectic form J. 
Note that W„ is an open subset of an algebraic set in Yli=i ^ 2n - Since by Witt's theorem 
Sp(n, R) acts transitively on W n , W n is a sub manifold of Yi7=i ^ 2n - 

We improve Theorem El by showing that dense orbits of T are uniformly distributed: 

Theorem 6. Let T be a lattice in Sp(n, R) ; and v° G W n be such that T ■ v is dense in W n . 
Let Q be a relatively compact Borel subset of W„ such that the boundary of Q has measure 
in the Lebesgue measure class. Then 

N T (Q,v°) ~ \ v o(VL)T n{n+l)/2 as T -> 00 

for some measure \ v o on W n in the Lebesgue measure class, which can be explicitly computed. 

Note that the measure A^o is not Sp(n, R)-invariant. 

In the next section we show how to derive asymptotic distribution for counting functions 
similar to Nt(Q, v°) from uniform distribution of orbits of subgroups of G in the space T\G. 
In sectional we consider the case G = SL(n, R). First, for convenience of the reader, we 
sketch an easy proof of Theorems ^ and El based on topological rigidity of unipotent flows, 
which was established by Ratner Rat91bJ. Then we introduce a decomposition of G based 
on the Iwasawa decomposition, and obtain results on volume of balls in the subgroup B°, 
which is defined below. This allows us to use results from Section El to prove Theorem E] 
and Corollary E] modulo ergodic theorem along balls in the group Bf (Theorem I2(J|). In 
Sectional we prove the ergodic theorem for B°. Note that for I = n — 1 it is a special case 
of the result of Shah [Sh94j. The proof of the ergodic theorem is similar to the proof of 
Theorem 2 from Go02j. Finally, in Section El we consider the case G = Sp(n, R), and prove 



Theorem El The method of the proof is similar to one used for Theorem El we use Iwasawa 
decomposition for Sp(n, R) and uniform distribution of large unipotent subgroups due to 
Shah [Sh94]. In the Appendix, we prove some technical volume estimates and Corollary 
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Remark. In the definition of Nt(Q,v°), we used the norm The fact that this norm 
is invariant under the orthogonal group made our calculations easier. However, one can 
prove similar results for every norm on M(n, R) with possibly different limit measure in the 
Lebesgue measure class. 

Acknowledgment: I would like to thank H. Furstenberg for fruitful discussions and 
Barak Weiss for some comments and for pointing out an error in the preliminary version 
of this paper. I am also very grateful to V. Bergelson for his encouragement and for many 
interesting discussions. 

2. Some limit theorems 

In this section we establish asymptotics of some counting functions. 

Let G C SL(n, R) be a Lie group, T a lattice in G, and H a Lie subgroup of G. Denote 
by q a right Haar measure on H . Let \x be a Haar measure on G, and Jx be the measure on 
T\C7 such that 

f fty= f fe/(70)Wfo), /GCe(G). 
Jg Jt\g V 7er / 

Throughout this section, we assume that for some M > and every c > 0, m G R, 

hm — — = c . (5) 
T^oo q(H t ) 

where Ht = {h G H : ||/i|| < T}, and for every x G T\G such that xH is dense in r\G and 
feC c (T\G), 

[ f(xh- l )dg(h) - — i . 

e(-Hr) Jh t A*(r\G) y r \ G 

First, we prove an elementary lemma: 



/ f(xh l )dQ(h) -> _ 1 / /d/x as T -> oo. (6) 



Lemma 7. Let (V, || • ||) fre a normed vector space, G be a topological group, and p : G — > 
B(V)* i/ie space of bounded invertible linear operators on V) be a continuous map (w.r.t. 
norm topology). Then for any go G G and k > 1, there exists a neighborhood O go of go in 
G such that for any g G O go and v G V , 

k- l \\p(go)v\\ < \\p(g)v\\ < k\\p(g )v\\. 



Proof. Take 
Then for g G O go , 

Similarly, for g G O, 



o 90 = {g : ||p(^o)p(^)" 1 || < k, Hp^pCpo) -1 !! < k}. 
\\p{go)v\\ < UgMaY'W ■ \\p(gM < k\\ P ( g )v\\. 

90 ■ 

\\p(g)v\\ < \\p{g)p{g y 1 \\ ■ \\p(go)v\\ < k\\p(g )v\\. 



□ 
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For g G SL(n, R), denote by g : x t— > gxg 1 the inner automorphism corresponding to g. 
For a subgroup L of G, denote by Nq{L) the normalizer of L in G. For g G Ng{H), define 

(7) 



Atf(#) = det (^Ad((?)| LieW ^ 
where Ad(g) is the adjoint transformation of the Lie algebra of G. 
Proposition 8. Let xq G G be such that TxqH is dense in Y\G. Let 



9 h 


-> c g : 


G - 




9 h 


-> d 9 : 


G - 


+ H, 


9 h 


-> e 9 : 


G - 


-> E, 


9 ^ 


>m 9 : 


G - 





6e continuous maps that factor through G/xq(H). Then for every f G G C (G), 
J™ "rTFT^ / f{-ix h~ l x^ l )dQ(h) 



/(<7) 



-dn(g). 



Mr\G) 7 G mf -A^c,, 

Proof. We shall assume without loss of generality that / > 0. 

There exist real Mx and M 2 such that Mi < e g < M 2 for g G supp(/)xo(-H"). Then for 
9 e supp(/)x (-H"), 

{/i : m2||c 9 (H)f + e 9 < T 2 } C {/i : mJc ff (H)ll < ( T ' ~ M 1 ) 1 / 2 }. (9) 
Denote /(T^) = £ 7er f( 19 ). Note that / G G c (r\G). 

Let r > 1 and e > 0. By Lemma [3 for any g £ G there exists a neighborhood C 90 of go 
such that 

r-'llcgoOOH < ||fi»||<r-||c go (^)||, (10) 
r" 1 !!^^))! < ||wc go (d fl )|| < r||wc 90 (d go )|| (11) 
for all g G O go x (H) and t> G M(n, E). Moreover, O go can be taken such that 

1 1 



mf • A ff (c 5 ) r< ■ A H (c 



■'go j 



< e, 



and 



J" m„„ < m« < rm n 



"go — ""g — ' ""go 
for all g G O go Xo(H). 

Note that for every v G Ng(H), YxqvH is dense in T\G. Therefore, by ©, for every 
u G G and u G N G (H), 

f(TxQvh~ l u)do(h) = / f(yu)dfi(y) 



lim ;/ - / 



Mr\G) y rv? 
i 



/i(r\G) 7r\ G 



(12) 
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To prove (JBJ), we first suppose that supp(/) C O go for some g G G. Put c = c go , d = d go , 
m = m go . Then using Q, (fTUjl. and (fTTjl. we get 



E / /(7^o^ ^o 1 )^^) 

7£r Jm2||c 7 (/ l d 7 )||2+e 7 <T2 

< V / /( 7 x / i - 1 x - 1 )^(/i) 

7gr Jm 7 ||c 7 (hd 7 )||<(T2-M 1 ) 1 /2 

< V / f^x^x^dgih) 

7er Jr-2 mo ||c (/ l )c (d 7 )||<(T2-M 1 )i/2 

< Y\ f fijxoh-'x^dgih) 

Jr- 3 mn||cn(WcnWn)ll<(T2-Mi) 1 /2 



f{Tx c c {do)h cqX ' 



|/i||<r3 m - 1 (T2-M 1 ) 1 /2 ^H\Co) 

Thus, by (Pj) and 

lim sup — — E / f{-iXQh~ l x^ l )dQ{h) 

T^oo ^i-HrJ " 7 TO 2||S )||2 + <T 2 



7 er " "S 



. ,. ^(^r3m - 1 (T2-A/ 1 )i/2) 1 f ~ 

< hmsup — — -fn\ri\ A , \ / W 



r 3M 



m^-/i(r\G)-AH(co) J r \ G 

r 3M r 

fdfx. 



fdfi 



m^-mr\G)-A H (c )J G 

Now let / be arbitrary. There exists a finite cover supp(/) C UiO gi . Let q = c 9i and 
mj = m gi . Let a« G C C (G) be a partition of unity for {O gi \ such that J2i «i = 1 on supp(/). 
Then 

limsup — V / f^xoh^XQ^dgih) 

= iim SU p -J— ^ / (£/(^V) 

^-rZ^Jlf ( M f A\ , +ef(9))oc i (gW(g) 

K r \ G ) i Jg Wg • A H{C g ) J 

r3M f m ; ( \ 4 r3Mg r *a 

m\G) Jg < ■ A«(c/ M9j + m\G) 
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for every r > 1 and e > 0. Therefore, 

lim sup — — I fi^xohx^dgih) 

J m 2 \\c- l (hd 1 )\\ 2 +e 1 <T 2 

* L^K) Ms) - (13) 

Similarly, one can prove the lower bound for (jHJ). □ 

Proposition 9. Let f be the characteristic function of a relatively compact Borel subset 
Z C G such that \i{dZ) = 0. Let x e G be such that Tx H is dense in T\G. Then JSJ) 
holds for f . 

Proof. Denote by int(Z) and Z the interior and the closure of Z respectively. 

Let Wq be an open relatively compact subset such that Z C Wq. There exists C > such 
that (mf ■ Anicg))' 1 < C for g E W . 

Let e > 0. There exist a compact subset V C 'mt(Z) and an open subset W such that 
I C iy C iy and n(W - V) < e. Take functions f u f 2 G C C {G) such that < f t < 1, 
/i = 1 on V, /i = outside int(Z), /2 = 1 on Z, and f 2 = outside VF. Then fi<f< $2- 
By Proposition IS] applied to / 2 , 

lim sup — — V] / f^xoh^x^dgih) 
~ fl(T\G)JaK-A H (c g f m 

* WW) U < • W + A < • M5) M9) 



ft{T\G)J G mf-A H {c g ) ^' p(T\G) 
1 f f(9) , , s Ce 



fl(T\G)J G m^-A H (c g ) ™' fl(T\G) 
for every e > 0. This shows (|13p. The dual inequality for liminf can be proved similarly. □ 

Suppose that for a closed subset K of G, the product map Y x xq(H) — > G be a homeo- 
morphism. For g £ G, define y g EY and h g E H such that g = y g Xo(h g ). The map 

a:y»yx (H):Y->G/x Q (H). 

is a homeomorphism too. Let z/i be a measure on K such that 



fdfi= / fiyxoWdgWdviiy), feC c (G). (14) 
g ./y V h 

Note that such a measure exists because \x and q are right invariant. Let v be the measure 
on G/xq(H) which is the image of v\ under a, i.e. 



f(a(y))d^(y) = / fdu, f e C c (G/x (H)). (15) 

G/x (H) 
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Note that the measure v depends on the choice of the section Y. 

Proposition 10. Use notations as in Proposition [2J Let Q be relatively compact Borel 
subset of G/xq{H) such that u(dQ) = 0. Let 

N T (n) = | { 7 G r : m2||c 7 ( Vt)H 2 + e 7 < T 2 , 7 • x (H) G fi)}|. 

Then 

N T (Q) 1 



-dvi{y) 



q{H t ) mr\G)J a ^ m m^-A H ( Cy 
as T — ^ 00. 

Proof. Let 

O e = {h G H : \\h - 1|| < s, Wh- 1 - 1|| < e} 

for e > 0. 

Let be the characteristic function of C Y. Take ^ e to be the characteristic 

function of O e normalized so that J H if) e dp = 1. Let 

f £ (g) = <t>{y g )i> E {h 9 ) for <? G G. (16) 

Note that / satisfies conditions of Proposition El but before applying this proposition, we 
need a lemma. 

Lemma 11. For ever?/ r > 1, there exists e > sttc/i t/iat 

iV r -i r (0) < [ / £ ( 7 x Q /i- 1 Xo 1 )rfo(/i) < iV rT (fi). (17) 

Proof. Note that f £ ('jxoh~ 1 XQ ) = for all ft, G unless 

Vl G oT 1 ^), (18) 

and if the above condition holds, 

fei'jxoh^x^dgih) 

m 2 ||c 7 (M 7 )|| 2 +e 7 <T 2 

■0 £ (/l 7 /i _1 )do(/l) 

m 2 ||c 7 (/u2 7 )|| 2 +e 7 <T 2 

^ e {h- X )dQ{h) 

m 2 ||c 7 (h/i 7 d 7 )|| 2 +e 7 <T 2 

Tp e (h)dg{h). (19) 

m 2 ||c 7 (/i)c 7 (h 7 d 7 )|| 2 +e 7 <T 2 

Let 

J 7 d = / ip £ (h)dg(h). 

Jm? ||c 7 0)c 7 (/i 7 d 7 )|| 2 +e 7 <T 2 

For 7 as in (|18p. there exists C > such that 

\\c 7 (v)\\ < C\\v\\ and ||c~ x (t?) || < C\\v\\ for all v G M(n, E). 
It follows that for every e > 0, 

C £ /c C c 7 (O e ) C C£ . 
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Therefore, by Lemma [7[ there exists e > such that 

< 11^7(^)^11 < r||t>|| (20) 
for every v G M(n, 1), A G O e , and 7 G T such that (fTHj) holds. 



Let 7 G T be such that 



m 



|c 7 (/i 7 <i 7 ) || 2 + e 7 < r 2 T 2 



and (HBJ holds. Then by PH, 

m 2 ||c 7 (/i)c 7 (/i 7 (i 7 ) || 2 + e 7 < r 2 m 2 ||c 7 (/i 7 dy) || 2 + e 7 < T 2 

for h E O e . It follows that the 7 7 = 1. This proves the first inequality in fTTj) . 

Note that J 7 < 1. Let 7 G T be such that 7 7 7^ 0. Then (fTHj) holds, and for some h G O e 



Using (ffilj) . we deduce that 



m ||c 7 (/i)c 7 (/i 7 (i 7 )|| + e 7 < T . 



m 2 ||c 7 (/i 7 (i 7 )|| 2 + e 7 < r 2 T 2 . 



This proves the second inequality in (fTTj) . □ 

Now we can use Proposition El to find asymptotics for iVV(f2). By Lemma ITU for every 
r > 1 there exists e > such that 

jV r (ft) 
hmsup— — 

T^oo Q{H T ) 

< lim sup - [ / e (7x /i" 1 Xo 1 )^(/?,). 

T^oo P(,-HtJ ~r Jrn 2 1 \\c 1 (hd- 1 )\\ 2 +e 1 <r 2 T 2 

Therefore, by Proposition El ©, (Q), and (fToT) . 



lim sup 



- fe P ^) J m/ G <-A^) W 



/2(r\G) Jyxh ■ A H (cy, 
r M f 0(|/) 



r M f dv\ (y) 



dvx{y) I ip £ (h)dg(h) 



/2(T\G) y a -i (0 ) <-Ah(c,)- 

Taking r — > 1+, we get 

r N T (Q) 1 y dvxiy) 

lim sup — ; < 



t^oo g(H T ) n(T\G) J a -i(a) m y ■ A n(c y ) ' 
Similarly, one can prove that 

|iminf iMn) > 1 /■ 



t-~= e(ff T ) " P(r\G) y a -i (n) < ■ A H (c, 
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This proves the Proposition. 



□ 



3. Uniform distribution for a lattice in SL(n,K) 

3.1. Density of orbits. 

In this section we derive Theorems Q and El from the following result on topological rigidity 
of unipotent flow, which was proved by M. Ratner: 

Theorem 12. (Ratner [Rat91b) Let G be a connected Lie group, T be a lattice in G, and 
U be a subgroup of G generated by Ad-unipotent 1-parameter subgroups. Then for every 
x G T\G, xU = xH , where H is a closed connected subgroup of G such that U C H , and 
xH supports finite H -invariant Borel measure. 

Note that the proofs of Dani, Raghavan, Veech are different from the proofs that are 
presented here. In fact, their proofs can be considered as the first important steps towards 
the general result on topological rigidity - Theorem 

We start the proof of Theorem ^ with a simple lemma: 

Lemma 13. Let {vi : i — 1, . . . , s} C W 1 , 1 < s < n — 2, be linearly independent vectors 
such that (vi : i — 1, . . . , s) contains no nonzero rational vectors. Then there exists v s+ \ 
such that Vi, % = 1, . . . , s + I, are linearly independent, and (v^ : i — 1, . . . , s + 1) contains 
no nonzero rational vectors. 

Proof. Let V = (v^ : % = 1, . . . , s). Since s < n — 2, for any v G M n , (V,v) is a proper 
subspace of M. n . Therefore one can take a vector v s+1 outside U^gQn (V, v). If v = J2i=i a i v i 
is rational and nonzero for some on G M, then a s+ \ ^ 0, and v s+ \ G (V,v). This is a 
contradiction. Thus, v s +i is as required. □ 

Proof of Theorem^ It is easy to see that if the condition of the theorem is not satisfied, the 
orbit cannot be dense. The hard part is to show that the above condition implies density. 
By Lemma El we may assume that I — n — 1 . 



where E is the identity (n — 1) x (n — 1) matrix. Let go & G be such that g$Vi = for 
% — 1, . . . , n — 1. Here {ej : % — 1, . . . , n} is the standard basis of M. n . Then the stabilizer of 
v in G is U = g^Uogo. Note that any nontrivial [/-invariant subspace of lR n is contained in 
(vi : i — 1, . . . , n — 1). Consider [/-orbit TU C r\G. By Ratner's theorem ( Theorem fT2")). 
TU = TH where if is a closed connected subgroup of G containing U, and H flT is a lattice 
in H. Moreover by |Sh9H Proposition 3.2], H is the connected component of the smallest 
real algebraic Q-subgroup containing U, and the radical of H is unipotent. Let R be the 
radical of H. Since R is defined over Q and unipotent, the space V R of -R-fixed vectors 
is nonzero and defined over Q. Also V R is if-invariant because R is normal in H . Thus, 
if V R 7^ R n , V R C (vi : % = 1, . . . , n — 1). However, this contradicts our hypothesis on v. 
Therefore, V R = W 1 and R = 1, i.e. H is semisimple. We claim that H = G. To simplify 

notations, we work with the group H d = gQHgQ 1 . Let f) and u be the Lie algebras of H 



Denote G = SL(n,R), T 



SL(n, Z), and 
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and Uq respectively. Since U C H , 

u = (E in : i = 1, ... ,n- 1) C fj. 

Here ^ denotes a matrix with 1 at the place and elsewhere. Using that the 

Killing form k(x,y) = Tr(xy) for x,y G R) is nondegenerate on F), one shows that the 
projection map from f) to the space (E ni : i = 1, . . . , n — 1) with respect to the basis {-E 1 ^} is 
surjective. Thus for i — 1, . . . ,n— 1, there exists = E n i £ f) with /i, in the normalizer 
of u. Then 

f) 2 [/ii,u] + u D [-E ni ,u], z = 1, . . . ,n - 1. 
It follows that fj = st(n, R) and H = G. Thus, 117 = 67. Finally, 

= rW D TUv = Gv = V n> i. (21) 

□ 

Proof of Theorem^ It is sufficient to prove the claim for I — n — 1. 

Let [/ be as in the proof of Theorem ^ By (|21j) . we just need to show that r?7 is 
dense in G. By Ratner's theorem (Theorem H2|) . rC/ = TH where if is a closed connected 
subgroup of G containing U, and H n T is a lattice in if. By Lemma 3.8 and Proposition 
3.10 from |Sh91j . one of the following two possibilities holds: H is reductive, or W D T is a 
lattice in W where W is the unipotent radical of a proper parabolic subgroup of G. Since 
T is cocompact, it follows from Godement's criterion that T has no nontrivial unipotent 
elements. This contradicts the second possibility. Thus, H is reductive, and the Killing 
form is nondegenerate on the Lie algebra of H. Now one can show by the same argument as 
in the proof of Theorem^ that H = G. Hence, TU is dense in T\G. This implies Theorem 

El □ 



3.2. Iwasawa decomposition for SL(n, R). 
Fix I — 1, . . . , n — 1. 

For s = (si, . . . , s n ) G M n , Ya=i s i = define 

a(s) = diag(e Sl ,...,e s ") G SL(n,R). 
For a vector s as above, define decomposition 

s = s~ + s + 

with s~ = (si, . . . , Si,r, . . . ,r), r = ^(—Si — ■ ■ ■ — si), s + = s — s~ . Note that r is chosen 
so that a(s+),a(s-) G SL(n, R). 

For t = (tij : 1 < i < j < I), Uj G R, denote by n~(t) the unipotent upper triangular 
matrix which entries above diagonal are equal for % < j < I and otherwise. Similarly, 
for t = (t^ : 1 < i < j < n, j > I), G R, denote by n + (t) the unipotent upper triangular 
matrix which entries above diagonal are equal t^ for 1 < i < j < n, j > I and otherwise. 



UNIFORM DISTRIBUTION OF ORBITS OF LATTICES ON SPACES OF FRAMES 12 
We use the following notations: 



G 


= SL(n,M 


K 


= SO(n,I 




1 


A O 

A i+ 


= «(^ + ) 

V 


A° 


= A°_A° l+ 


Nt. 


= {n-(t) 


N l+ 


= {n + (t) 


N 


= N t .N l+ 


Bf 


= A° l+ N l+ 



1=1 

n 

M n , j> = c 

1=1 

n 

a{s) : s e R n , s i = 
i=i 



Denote by dk the normalized Haar measure on K. 
Let 

dn + = dt + = | | dtij and dn~ = dt~ = f j dijj. 

i<j<l max(i,i)<jr 

These measures are Haar measures for jVj + and iVj_ respectively. The subgroup iVi + is 
normal in AT, and the product map 

is a diffeomorphism. Also the image of product of dw and dn+ under this map is a Haar 
measure on N. Let us denote it by dn: 

f f( n )dn= [ f(n-n+)dn-dn + , feC c (N). (22) 

J N JNi_xNi + 

Haar measures on A°_ and A° + are defined by 

/ n-l 

da~ = ds~ = Y\ dsj and da + = ds + = J J ds+ 

i=i «=/+i 

respectively. Then a Haar measure da on A° = is the product measure: 

f(a)da= [ f(a-a+)da-da+, feC c (A°). (23) 

A° JA°_xA° + 

The product map A° + x JV/+ — > 5° is a diffeomorphism, and the image of the product 
measure under this map is a left Haar measure on B°. Denote this measure by A;. Then a 
right Haar measure Qi on Bf can be defined by 

Qi(f) = [ /(6 _1 )Ai(6) = / /(a(s+)n+H + (s+)dsW (24) 
Jb° Ja? + xn 1+ 
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for / G C c (Bf), where 

5+(a) = 6+(s) = exp 1 2 ]T (n - i) Si 1 (25) 

I i=i+i J 

for a = diag(e Sl , . . . , e Sn ) G SL(n, E). 
By Iwasawa decomposition, the map 

(Jfe, ^^^toa^xjVxA^G (26) 

is a diffeomorphism. 

Lemma 14. Le£ e° = (ei,...,e/) be the standard orthonormal frame in W 1 . Then for 
k G K, n G N, and a = diag(e si , . . . , e Sn ) G A°, 

r * 

Vol(knae°) = exp < S{ 
[ i=i 

Proof. Let g = kna. Recall that Iwasawa decomposition is proved using Gramm-Schmidt or- 
thogonalization for basis Vj = get. Let be an orthonormal basis such that (v % : k < i) — 
(wk '■ k < i) for 1 < i < n. Then e Si = Vi-Wi, i.e. e Si is the length of projection of Vi onto the 
orthogonal complement of (v*. : k < i — 1) in (vj- : k < i). Now the statement is obvious. □ 

Define 

5-(a) = <V(*)=exp j^sA, (27) 

where a = diag(e Sl , . . . ,e Sn ) G SL(n,M). 

The image of the product measure under the map is a Haar measure on G [He, 
Proposition X.1.12]. Let us denote this image by /i: 

I fdn= ( f(kna)dkdnda, f G C C {G). (28) 

JG JkxNxA° 

For a lattice T in G, there exists a measure /2 on T\G such that 

[ fdn= [ J2f^9)dHg), /gG c (G). (29) 

For our purposes, we modify the Iwasawa decomposition as follows: 

(k,n-,a-,b) i-> fcn-a"6 : K x JVj_ x x Bf -> G. (30) 

Since A°_ normalizes Bf, this map is a diffeomorphism too. 
Fix g G G. By (JUD the map 

(Jfe,n-,a-,6) i-> kn-a-g b : AT x JV,_ x x (Bf) 30 -> G (31) 

is a diffeomorphism. Here we use notation: X 90 = g$ 1 Xgo. 
For g G G define k g & K, a± <E A° ± , and n± G A^ such that 

9 = k 9 n g a g9o(a+n+) 90 . (32) 

Also define 

bZ = n~a~ . bn = atnt. 
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and b' £ GL(Z,R) such that 



v. 








* 



Lemma 15. For f £ C C (G) and go £ G, 



(33) 



fd[i = / f(kn a(s )gob 90 )5 l (s ) n dkdn ds dgi(b), 

g J 

KxN t _xA°_xB° 

where d~[ is defined in 

Proof. By (EHD, (E21), and (E2D, 

J fd/j, = J f (kn~ n + a~ a + )dkdn~ dn + da~ da + . (34) 

KxN t _ x N l+ xA°_ xA° + 

The Jacobian of the map 

Ni + — > N[ + : n i — > a^ 1 na 
for a = a(s~)a(s + ) is equal to 5f(s^)' n 5^(s + )~ 1 . Thus, it follows from (|24|) and (J3*4"j) that 

fdfx= / f(kn~a(s~)b)5^(s~) n dkdn~ds~dgi(b). 

a J 

KxNi_xA°_xB° 

Then since G is unimodular, 

fdf* = / f(99o)df*(g) 

G JG 



f(kn a(s )bg )5 l (s~) n dkdn~ ds dgi(b) 

KxNi_xA°_xB° 

J f{kn-a{s-) g b 9o )5f (s-) n dkdn- d S -dg l (b) . 



KxNi_xA?_xB? 



□ 



Lemma 16. Let e° = (ei, . . . , e{) be the standard frame in W 1 . For f £ C c (V nj 



f{v)dv = d n>l l f(kn-a(s-)e°)5f(s-) n dkdn~ds-, (35) 

i> n> , ' JKxNi-XA?_ 

where d n j is a constant computed in \73\) . 

Proof. The measure on the left side of (|35|) is G-invariant. We claim that the measure on 
the right side is G-invariant too. It is easy to see that the map 

gBf ~ ge° : G/Bf -> V n , t 

is proper. Thus, every function / £ C c (V n j) can be lifted to a function f\ £ C C (G/B°). 
Then the function / can be represented as 



f(ge°) = h{9 B i) = I h{gb)d & {b) 

J B? 
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for some f 2 G C C (G) (see |Rag., Ch. 1]). Then by Lemma fT3l 



f(kn~a(s )e°)5 l (s ) n dkdn~ ds~ = / f2d.fi. 

'KxN l _xA?_ JG 

It follows that the measure on the right side of (}35j) is G- invariant. By uniqueness of Haar 
measure, the integrals are equal up to a scalar multiple d n j. This constant is computed in 
the Appendix. □ 

3.3. Volume estimates. 

For a set S C G and T > 0, define 

S T = {seS: \\s\\ < T}. 
We compute the asymptotics of qi(B° t ) as T — > oo: 
Lemma 17. 

^(A°T)~Tn,^ (n_1)M ^ T^oo, (36) 
where the constant 7„.; is gzi> en m < l^^)) . 

The proof, which is given in the Appendix, follows the method of Duke, Rudnick, Sarnak 
|DRS93j . 
For C G R, define 

Af + = {a{s+) : s+ > C,i = l + l,...,n-l}, 
Bf = Af + N l+ . 

The following "measure concentration" result plays a crucial role in our proof. 
Lemma 18. For C Gi, 

a (BjJO ~ ^(A°t) as T^oo. 
This lemma is proved in the Appendix. 

3.4. Uniform distribution. 

Theorem 19. Let T be a lattice in G = SL(n,R). Fix g G {KNi-AfJ)' 1 such that T(B°) 90 
is dense in G. Let Y = KNi-A°_go, and v% be a measure on Y such that 

! fdfi= f [ f{yb^)d ei {b)dv l {y), feC c (G). (37) 

JG JY J Bf 

Let v be a measure on G/(B°) 90 induced by v\. For T > an Q C G/(B°) 90 , denote 

N T (n,g ) = | { 7 G T : || 7 || < T,j{B?Y° G (38) 
Then for relatively compact Borel subset Q of G/(B°) 90 such that v(dQ) = 0, 

Mr\G) J n $i (ax) 

where ao and a~ are the A°_- components of g^ 1 and x with respect to decomposition \S(1\) 
respectively. 

Note that a similar result holds for every g G G because of the decomposition (|3L)|). 
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Proof. Write g x = /c &o f° r £ K, b$ = n a G Ni^A°_. 

It is convenient to use decomposition (JH2J)- The product map Y x (B°) 90 — > G is a 
diffeomorphism. For g £ G, denote y g = k g n-a~gQ, the F-component of (7. The map 

a : y -> 67/ (5f) s ° : y ^ y(B?) 90 

is a diffeomorphism. Clearly, '-/(B") 90 G iff y 7 G a" 1 (£7). 
For g £ G, 

\\9\\ = \\kgb~b g g \\ = Wbgbg^y^l. 



Note that for 



* 


X 





Y 



G SL(n, 



* 







y 



(6b 







where 



(39) 

(40) 

(41) 
(42) 



fa = det(6o)"~ and (3 g = det(b' g )~— 
(here b' Q and b' g are defined as in (J33J)). Put 

c g = b g and m 9 = |/? _1 /5 S |. 

It follows from fl^ and (gUJ) that for g G G, 

lb|| 2 = mj||c g (fo s )|| 2 + e s , 

where e g is a continuous function depending only on the ^"-components of g with respect 
to decomposition (|3*2*Jl . 

Using previous notations, we have 

Nt(Q, go) = I {7 e r : m 7 ||c 7 (6 7 )|| 2 + e 7 < T 2 ,y 7 G cTWI- (43) 

To derive asymptotics of iVV^go), we can use Proposition [TUl with = B°, h 1 = b 7 , 
and c? 7 = e. Note that by Lemma El the condition (jSJ) for = 5° is satisfied with 
M — (n — l)(n — l), and by Theorem I2TH below, the condition (JUJ) holds. Therefore, applying 
Proposition [TUl we get 

g(Bf T ) 

-dv>i(y) 



N T (Q,g ) 



a VTty ■ L\fj[Cy) 



as T 



Also 



Thus, 



0(r\G) 

oo, where A H is defined in ©. By (JUJ) and (g2D , 

m g = (^r( a o) _1 ^r( a o)) - ^- 



a b?(c 9 ) 



det(6 



-l/OI ™( n-1 )(""0 A (n 
a 1 {U) m y ■ L\H\Cy 



^n-l) 



-dvi(y) 



5 l (ao) 



1-ra 



a- x (n) 



<*i (%) 



-dvi{y) 



5 l (ao) 



1 — n 



dv(x) 
n ^~( a ^ 
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This proves the theorem. □ 

Proof of Theorem^ For some g e (KNi_A°_)~ l , v° = g^e where e° = (ei, . . . , e{) is the 
standard frame. The condition that Tv° is dense in V n> i is equivalent to TG 90 is dense in G 
where 

Gr = ( E 



SL(n-/,H 

Since B° is epimorphic in Gi, it follows from |SW00t Corollary 1.3] that T(B°) 90 is dense in 
G. 

Consider a map 

a : G/{B?Y° - V nJ ~ G/(G,) 90 : ^ 

Note that this map is proper and G-equivariant. Put Q* = Then Q* is relatively 

compact, and N T (£l,v°) = N T (Q*,g ), where N T (D,*,g ) is defined in (J55j) . 

Let 1/ be the measure on G/(B°) 90 defined in (13 7j) . It follows from Lemmas fT31 and [TBI 
that a{y) = d~]dv, where d n j is defined in (|73*j) and di; is the Lebesgue measure on V n> i. 

One can check that a(dQ*) C <9f2. Therefore, 

z/(d(T) < //(a" 1 ^)) = / dv = 0. 

By Theorem [T§1 

fi{T\G) Ju* 5 l {a x ) 

By Lemma IT4*| <^~(ao) = Vol(t>°). Using decomposition (jHSj) ; we have gt>° = k g n-a-e°. 
Thus, by Lemma ITU <^~(a-) = Vol(gt>°). Hence, 

Finally, using Lemma IT7I and (J73J), we have 

^-^-w^ii^y- 1 ^ - r — • <44) 



where 



a n>l = (45) 



The constants 7 ni / and d n> z are computed in the Appendix. □ 
The proof of Corollary 0] is presented in the Appendix. 



4. Ergodic Theorem 
The main result of this section is the following ergodic theorem along balls in B\ 
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Theorem 20. Let 1 < I < n — 1. Let T be a lattice in G, and y G T\G be such that yB° 
is dense in T\G. Denote by v the probability G -invariant measure on T\G. Then for any 

feC c (r\G), 



/ f(yb l )dQi(b) / fdv as T ->• oo. 
Jb?„ Jr\G 



t) Jb° t Jt\g 

If I = n — 1, the group B° is unipotent, and Theorem 1201 is a special case of the result of 
Shah |Sh94j . Thus, we may assume that I < n — 1. 

4.1. Representations of SL(n, M). 

Before starting the proof, we prepare some auxiliary results on representations of G = 
SL(n,R). 

Denote by g the Lie algebra of G. We have the root space decomposition of gc = ® C: 

0c = 0o© Yl CEi ^ 

where go is the diagonal subalgebra of gc, and Eij is the matrix with 1 in position and 
O's elsewhere. It is convenient to identify g with the space of vectors s = (s\, . . . , s n ) G C n , 
Y^i Si = 0. Introduce the roots of gc: 

and the fundamental weights of gc: 

u)i(s) — si H h Si, 1 < % < n — 1. 

The simple roots of gc are a« = i — 1, . . . , n — 1. For i < j, 

Qfij = «i + h Oij . 

The dominant weights are linear combinations with nonnegative integer coefficients of the 
fundamental weights. A highest weight of a finite-dimensional representation of gc is a 
weight that is maximal with respect to the ordering on the dual space of go- This weight 
is unique. Irreducible representations of gc are in one-to-one correspondence with the 
dominant weights. The corresponding dominant weight is the highest weight of the repre- 
sentation. 

Let Qq be the Lie subalgebra of gc that corresponds to A° + . That is, 0q consists of 
diagonal matrices with entries 

(0, . . . , 0, s/+i, . . . , s n ), si+i H h s n = 0, 

on the diagonal. 

Lemma 21. Let n be a representation of G on a finite- dimensional complex vector space 
V. Let 

V = {v G V : n(B?)v = v}. (46) 

Then every vector v G V/Vq — {0} such that ir(Ni + )v = v is a sum of weight vectors of Qq 
with nonzero dominant weights. 
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Proof. First, we show that there are no nonzero vectors in V/Vq fixed by B°. Let W be 
the maximal 5°-invariant subspace on which B° acts unipotently. The space W can be 
constructed inductively as follows. Let Wo be the space of vectors fixed by B°, W\ D Wo be 
the space such that W\/Wo is the space of vectors in V/Wq fixed by Bf, and so on. After 
finitely many steps, we get W. We claim that W = Vo- Note Af + acts trivially on W. Take 
w G W. Suppose that n(Eij)w ^ for some Eij G n+, where n + is the Lie algebra of Ni + . 
Then it is a weight vector with weight «ij| + 7^ with respect to Qq. This is a contradiction. 
Thus, 7r(n+)w = for every w G W, and W = V . Clearly, the space V/W does not contain 
any vectors that are fixed by B° + . This proves the claim. 
Let 



G 



E 











SL(n — L 



and N = Gn N l+ . 



Since A° + N is an epimorphic subgroup of G, the space Vo is G-invariant. Take a vector 
v G V/Vq — {0} such that n(Ni + )v = v. By |Go02| Lemma 15] applied to G, v — J2T=i 
where Vk, k — 1, . . . , m, are weight vectors with dominant weights Xk with respect to 0q . 
Without loss of generality, 7^ Xj for k 7^ j. For E^ G n + , we have Y^k=i ft(Eij)vk — 0. 
Using that 7t(Eij)vk is either or has weight + a^, we conclude that jv(Eij)vk = for 
every k = 1, . . . , m. Thus, ir(Ni + )vk = Vk- Since Vo = W, the vector Vk cannot be fixed by 
ir{A° l+ ). Hence, A fc ^ 0. □ 

We now modify slightly our notations. For s = (sj+i, • • • , s n ) ^ M. n ~ l , Y^=i+i s i = 0' 
denote 



a+(s) =diag(l,...,l,e' i + 1 ,... J e s »). 



For (3 > 0, define 



D(l3) = {t = {t ij :wax(i,l)<j): V < /3 2 }. (47) 



max(i,Z)<7 



Lemma 22. Le^ 71 be a representation of G on a finite- dimensional real vector space V, Vo 
be defined as in J^6] ) ; and V = V/Vq. Introduce a norm on V. Then for every relatively 
compact subset K C V and r > 0, there exists a G (0, 1) and Co > such that for every s 
such that a+(s) G Af° and x G V such that \\x\\ > r, 

n(a+(s)n+(D(e- aSl+1 )))x £ K. (48) 

Proof. The proof is the same as the proof of Lemma 16 in |Go02j . We will just sketch the 
main idea. 

We need to get a lower estimate for 

sup{||7r(a+(s))7r(n+(t))x|| : t G D(e' as ' +1 )}. 

Let W = {v G V : tt(Ni + )v = v}, and pr^ : V — > W is a projection on W that commutes 
with Tc(a+(s)). By Lemma l2*TT W is spanned by weight vectors of A° + with nonzero dominant 
weights. Using that the character s t— > e Sl+1 is the smallest nontrivial dominant weight of 
A° + , one concludes that for every y G V and a+(s) G Af + with C > 0, 1 

\\n(a+(s))y\\ > ||7r(a+( S ))pr^(y)|| > e s ^\\pi w (y)\\. (49) 

1 A <C J5 means A < c • _B for some absolute constant c > 0. 
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By a lemma due to Shah j3h9 6] (see |Go02l Lemma 13]), 

sup{||pr^(7r(n+(t))s)|| : t E D( e - as '^)} > ( e - a "+ 1 ) d ||ar||. (50) 
for some positive integer d. Combining (}4*9*j) and (joTIj) . we get 

sup{||7r(a+(s))7r(n+(f))x|| : t E D{e' asi+1 )} > e CS!+1 ||x||, (51) 

where c = 1 — ad. Choose a E (0, 1) such that c > 0. Then for a+(s) E Af + the right hand 
side of f)5ip gets arbitrarily large as C — > oo. This proves (|48j) . □ 

4.2. Proof of Theorem I2"D1 

Now we are ready to start the proof of Theorem 1201 Let X = (T\G) U {oo} be the 
one-point compactification of T\G. For T > 0, define a normalized measure on X by 

»*(/) = -77^ I fiyb-^dgiib), f E C C (T\G). 
QiK b i,t) Jb° t 

We need to show that vt — > v as T — > oo in weak* topology. Since the space of normalized 
measures on 2 is compact in weak* topology, it is enough to show that every limit point of 
Vt, T — ► oo, is equal to v. Let z/^ — > rj as Tj — ► oo for some normalized measure rj on X. 
By Lemma fTSl for every CgM, 

V (f) = lim — i— / f{yb- x )dei{b) (52) 

Let C/ = {n+(t) G iV : t y = for z < j < n}. 
Lemma 23. The measure rj is U -invariant. 

Up to minor modifications, the proof is the same as the proof of Lemma 18 in [Go02 . 
Lemma 24. For a E (0, 1), define 

A? +)T = (a+(s) eAf +T : (T 2 — N(s) - I) 1 ' 2 > exp ( max{ Si } - as l+1 ) ) , (53) 

\l<i<n I J 

where N(s) is defined in iffflj) . and 

B?, T = (Af +iT N l+ ) f]B° T . 

Then for every C > 0, 

V(f) = lim I Kyb- l )d 0l {b). 

T^oo Qi{B° Ti ) JbC t 



The proof is routine computation based on Lemma 1281 in the Appendix. See Lemma 19 
in |Go02j or the proof of Lemma IT81 above for a similar argument. 
Write y = Tg for some g E G. Let q s (t) = n+(t) _1 a+(s) _1 . 

Next, we review some deep results on distribution of polynomial trajectories due to Dani, 
Margulis, Shah, and Ratner. See KSS02 a and jHB §19] for more comprehensive exposition. 
These results will be applied to the polynomial map 

t^g q s (t):M. m ^SL(n,R), 

where m = |(n — l)(n + I — 1). 
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Let g be the Lie algebra of G, and Vq = (B^™ 9 A* g. Fix a norm in Vq. For every Lie 
subgroup H of G with Lie algebra f), take a unit vector pu G A dimf, f} C Vq. Also define 

X(H,U) = {geG:gUCHg}. 

Denote by Tir the family of all proper closed connected subgroups H of G such that r n H 
is a lattice in H, and Ad(r D H) is Zariski dense in Ad(H). 
The singular set of {7 is 

y = [J rx(H, u) c r\c 

The set y is precisely the set of 2/ G Y\G such that yU is not dense in Y\G. 
The following facts and results will be used in the sequel: 

(I) The set Hr is countable. 

(II) For every H G Hr, T ■ p H is discrete in Vq. Thus, TN G (H) is closed in r\G, where 
N G (H) = {geG:g-p H =p H }. ^ 

(III) Assume that T is not cocompact. Then there exist closed subgroups Ui, i — 1, . . . , r, 
such that each U is the unipotent radical of a parabolic subgroup, TUi is closed in 
T\G, and for every e, 5 > 0, there exists a compact set C C r\G such that for every 
bounded open convex subset 7J C ]R m , one of the following holds: 

1 . There exist 7 G T and i — 1, . . . ,r such that 

supH^-VVPt/J < 5. 

2. u;({t G -D : Tgoq s (t) ^ C}) < eu(D), where a> is the Lebesgue measure on M. m . 

(IV) Let £ > and H G Hr- For every compact set C C TX(H,U), there exists a 
compact set F C Vg such that for every neighborhood $ of F in Vg there exists a 
neighborhood ^ of C in T\G such that for every bounded open convex set D C M m , 
one of the following holds: 

1. There exists 7 G T such that q s (D)~ 1 gQ 7 -p^ C $. 

2. G £> : r^ g s (t) G *}) < ew(D). 

(I) is proved in [Rat 9 la] Theorem 1.1] and t DM93;i Theorem 2.1]. For the proof of (II), 



see jDM93l Theorem 3.4]. (Ill) is a special case of [Sh96] Theorems 2.1-2.2]. (IV) is based 



on |Sh94t Proposition 5.4]. It is formulated in |Sh96j . 



To simplify our notations, we put V = Vq. Let Vq be defined as in 
Lemma 25. For H G H T , g Q l T ■ p H C V - V . 

Proof. Suppose that ^7 ■ Ph G V for some 7 G T. Then (7 _1 (yf -B°5' ( 7 1 7) ■ pn = Ph- Thus, 

7 - 1 c/oF^ - 1 7 C iV^(fT)- % ( n )> rAr G (^) is not dense in r \ G - lt follows that r^A" is not 
dense in T\G too. This is a contradiction. □ 

In the case when T is not cocompact, we prove the following lemma: 

Lemma 26. 7/({oo}) = 0. 

Proof. Write 

V = V ®V l} (54) 
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where V\ is v4° + -invariant complement. For a vector v £ V, denote by Vq £ Vq and v\ £ V\ 
its components with respect to the decomposition (|54j) . Fix norms on Vo and V±. Define a 
norm on V by 

= max{||i> ||, \\vi\\}, v £ Vq, t>i £ Vi. 

The space Vi is naturally isomorphic with V/Vq. The norm on V\ induces a norm on V/Vq 
through this isomorphism. 
We use (III). Let e, 5 > 0. Let 

r 

P = \Jg 1 T-p Ui , 

8=1 

and Pi = {p £ P : ||p || > £}• For p £ P 1; 

II^W^pll > \\po\\>S. (55) 

By Lemma P Q V —Vq, and by (II), P is discrete. Therefore, there exists r > such that 
\\pi || > r for p E P — P\. Since the factor-map V — > V/Vq is continuous and P°-equivariant, 
for some M > 0, 

H&Or 1 > MH^(t)- 1 veV. (56) 

Now we apply Lemma 1221 with = {v £ V/Vo : ||u|| < jj}. There exist a £ (0,1) and 
Co > such that for every s such that a+(s) £ Af^ and every u £ V/Vq such that ||u|| > r, 

g s (P(e-^+ 1 ))- 1 -^^^. 

In particular, this holds for v = p with p & P — P\. Thus, by (I56|) . 

sup ||g s (t) _1 >5 (57) 

for p £ P — P\. In fact, ([STJ) holds for p £ Pi because of ([53]). Thus, the case (a) of (III) 
does not occur when a + (s) £ A^ T . and D is a bounded open convex subset such that 
D D D(e~ asi+1 ). It follows that for some compact set C C T\G, 

cu({t £ D : r# &(*) £ C}) < eu(D). (58) 

when a+(s) £ A%£ T and D D Z^e -0 "^ 1 ). 
We have 



where 



= lim — — / / f(Tgoq s (t))5+(s)dt + ds+, f £ C C (T\G), (59) 

T^oo Ql{B lT .) JAf +T . JD s , Ti 

D s , Ti = I n{t) EN: ^ 4 + E < ^ ~ N & ~ 4 ' (60) 

I i<l;l<j l<i<j ) 

and iV(s) is defined in (|52|) . Note that P^T; contains D({3), which is defined in (jUj), for 

P < {Tf — N(s) - l) l/2 exp ( - max {sA ) . 

y m<;<n-i J y 
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When a + (s) E A^ T ,, the right hand side is greater then e aSl+1 (see ([53)1 ). Therefore, 
Ds,Ti 2 D(e~ a ' l + 1 ) when a+{s) G AjJ )!r .. By (JHEJ), 

({* G P s , Ti : tyo&W £ C}) < euj{D s>Ti ) for a+(s) G ig fT .. (61) 

Let xc he the characteristic function of the set C. Take / G C c (r\G) such that xc — 
f < 1. Then using and (ffiTj) . we get 

r ? (supp(/)) > lim — ^— / / xc(rg qs(t))5+(s)dt + ds+ 

T 4 -oo Ql{B lT .) JAf£ T . JD s>Ti 

= (1 — e) hm — t— J . = 1 — e. 

Hence, rj({oo}) < ?7(supp(/) c ) < e for every s > 0. □ 
Lemma 27. 77(F) = 0. 

Proof. Since 7ir is countable, it is enough to show that rj(TX(H, U)) = for every H G TCr- 
Moreover, it is enough to show that 77(C) = for every compact set C C TX(H, U). 

We use the notations from the proof of Lemma EEl in particular, decomposition (154)1 . 

We apply (IV). Take e > 0. Let F be a compact subset of V as in (IV). Take a relatively 
compact neighborhood $ of F. Let ^ D C be as in (IV). Denote P = g$T ■ pu and 
Pi = {p G P : ||pq|| > 5} with 5 = sup{||f || : v G $}. Then (j55|) holds, so that 

q s (0)-p£$. (62) 

As in the proof of the previous lemma, there exists r > such that ||pi|| > r for p G P — Pi, 
and applying Lemma 1221 we deduce that there exist a G (0, 1) and Co > such that for 
every s such that a+(s) G and every p E P — Pi, 

g s (P(e- aSi+1 )) _1 -p g (63) 
By (162)1 . ()63j) holds for every p E P. Thus, ) of (IV) fails. Therefore, case (b) holds: 

uj({t E D : Tg q s (t) E *}) < ew(£>), (64) 
when a+(s) G A^ T . and D is an open convex set such that D D D(e~ aSl+1 ). Recall that D s t. 
was defined in (jSOjl. It is easy to see from ((nOD that D SiTi D D{e~ aSl + 1 ) when a+(s) E Af° T .. 
Thus, (El holds for D = D s ^ with a+{s) E Ag jTj . 

Take a function / G C c (r\G) such that / = 1 on C, supp(/) C \1>, and < / < 1. Let 
X* be the characteristic function of Then using (joT?)) and (|54*)l with P = P s ,Ti) we get 

77(C) < lim — i— / / X *(rgoqs(tM(s)dt + ds+ 
< lim — / Eu(D S:T .)5i(s)ds + = e lim — ' ' = e. 



T^oc 6l {B° Ti ) J A Co t S ' U > 1 T^oc ^(5°, 



This shows that 77(C) = 0. Hence, rj(Y) = 0. □ 
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By Lemma ESI the measure 77 is U- invariant. Consider the ergodic decomposition of 77 into 



[/-ergodic measures. By Ratner's measure classification Rat91aJ, an ergodic component of 
77 is either G-invariant or supported on Y U {00}. By Lemmas l26l and l2?| the set of ergodic 
components of the second type has measure 0. Therefore, r\ is G-invariant, and rj = u. This 
proves Theorem I2U1 

5. Uniform distribution for a lattice in Sp(n,M) 
5.1. Density of orbits. 

Proof of Theorem^ Clearly, the condition is neccesary for denseness. Suppose that the 
condition is satisfied. Let {e^ : % = 1, . . . , 2n} be the standard basis of M 2n , and e = 
(ei, . . . , e n ). Then e is an isotropic frame, and by Witt's Theorem, the space of isotropic 
n-frames is Ge. The stabilizer of e in G is 

U = 



E 


X 





E 



*X = X 

Let go G G be such that gov = e. Then the stabilizer of v in G is U = Uogo. It is not hard 
to check that any [To-invariant subspace is either contained in (ei, . . . , e n ) or contains it. It 

def 

follows that any [/-invariant subspace is either contained in V = . . . ,v n ) or contains 
it. 

As in the proof of Theorem d YU = YH where H is the connected component of the 
smallest real Q-algebraic subgroup containing U, and the radical of H is unipotent. Let R 
be the radical of H. The space of R- fixed vectors V R is defined over Q and if -invariant. 
Since R is unipotent, V R 7^ 0. Thus, by the condition on v, V R ^ V . Then V C V R . 
Suppose that V R ^ R 2n . Since Vj- = V , J\ v r is degenerate. Then ^ Rad(J\ vR ) C V . 
This is a contradiction because the space Rad(J|yfl) is defined over Q. Hence, V R = lR 2n , 
R — 1, and H is semisimple. 

We claim that H = G. Let H = goHg^ 1 . Denote by q, f), and u the Lie algebras of G, 
H , and Uq respectively. The Killing form on g is defined by k(x,y) = Tr(xy) for x,y G g. 
Since Ho is semisimple, k is nondegenerate on f). 

Recall the root decomposition for q. A Cartan subalgebra of g is 

a = {diag(/ii, . . . , h n , -hi, -h n ) : hi G R}. 
Let ati(h) = hi for h G 0. The root system of $3 is 

A = {ctj — a.,-, ±(a p + a q ) '■ 1 < i ^ j < n, 1 < p < q < n}, 
and the following root space decomposition holds: 

dcti— ctj (Ei,j -Ej'+n,i+n) , 

Qa p +a q (E Pj q-\- n + Eg tP+n ) , 

Q-a p —a q = {E p -\-n t q + Eq+ ntP ) , 

g = a®J2$*- ( 65 ) 
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Since U C H , 

u = Yl da p+ a i - 

l<p<g<n 

Note that /c(fla,0/3) = if a + [3 ^ 0. Since the Killing form k is nondegenerate on (), the 
projection map from f) to the space ^2 1<p<q<n Q-a p -a q with respect to the decomposition 
is surjective. Thus for 1 < p < q < n, there exists h pq = x pq + h pq E f) where IS cl> 
generator of the space g- ap - aq , and fo M is in the normalizer of u. Then 

f) D [ftpg, u] + u D [x pg , m], 1 < p < g < n. 

Using that [g a , g@] = g a +p for a, (3, a + [3 E A, we conclude that 

It follows that f) = 0, and H = G. Finally, 



5.2. Iwasawa decomposition for Sp(n, R). 

Let G = Sp(n, R). We use the following notations: 
= Gn SO(2n,R), 

*-{(*J[):*- W 
iV_ = i T ^ 1 : ^ is upper triangular, unipotent 

A=\(i M: dispositive, diagonal 



□ 



v x A 

5 = ALA, 
N = N_N + . 

We have Iwasawa decomposition: 

(k, n, a) i — > kna : K x iV x A —> G 

(see, for example, |Te|. p. 286]). This map is a diffeomorphism. It is easy to check that the 
product map AL x iV + — > N is a diffeomorphism, AL normalizes N + , and A normalizes N + . 
Thus, modified Iwasawa decomposition holds: 

(k, b,n) i-> kbn : K x B x N + -> G. (66) 

Fix go G G. We also have decomposition: 

(k, b, n) ^ kbg n 90 : K x B x N + — > G. (67) 

For g E G, define fc 9 E K, b g E B, and n 9 G iV + such that 

9 = k g b g g nf. 
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Also define b' g G GL(n, R) such that 

b - ( b '« ° 

9 ~ V %)~ : 

Let /i be a Haar measure on G, and p, be the measure on T\G such that 

f fdn= f ^ffrgWig), feC c {G). 
Jg Jt\g 7gr 

n(n+l) 

Let g be the Lebesgue measure on iV + ~ R 2 ; and z/ be the measure on G/N+ such that 



fdfi= / f(gn 90 )dg(n)dp(g), f G C C (G). 

g Jg/nI° Jn+ 

Note that 

n(n+l) 

^(AT + T ) ^ CT^— as T -f 00 (68) 

for some C > 0. 

5.3. Uniform distribution. 

Proof of Theorem^ We can write v° = g^e for some go £ where e° = (ei, . . . , e n ) is 
the standard frame. Without loss of generality, g$ l = fco&o for some ko G K, and bo £ B 

(see dnnj)) - 

Let y = KB go. By (|67|) . the product map Y x A^^° — > G? is a diffeomorphism. For g £ G, 
denote g g = k g b g go, the y-component of g. The map 

a : y -> W n ~ G/N+ :y^yv° 

is a diffeomorphism. Denote by z/i the measure on K which is the pull-back of the measure 
v by the map a. 

For g G G, gv° = y g v°. This shows that gv° G iff y g G a _1 (fi). Write 



„ 1 ^ '« 



Then 

Thus, 
where 



\h b 9 n 9 9o\\ = WbgUgbo 1 ] 



* Wb'o) 
* 



g|| = \\c g {n g d g )\\ +e 



-9 "9, "3^0 ('W^) -1 

and e 9 is a continuous function depending only on the 5-components of g. We can use 
Proposition ITU1 with H = N + , h g = n g , and m g = 1. Since r • v° is dense in W n , TN+ 
is dense in G. By (|68jl. the condition ((SJ) holds for if = iV + . Since iV + is unipotent, the 
condition @ for H = N+ holds too [Sh94j. 
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Applying Proposition [TUl we get 



I a- 1 (CI) A H ( 

c y) / 

as T — > oo, where A H is denned in (JJJ). Thus, by (jUHj) . 

A^(f2, v°) ~ AX^T 1 ^ as T -> oo 

where 



/z(r\G) 7^ Aat + (c x ) 

□ 



Appendix 

Proof of Lemma^^ (part 2). To find the constant d n j, we calculate measures of the set 

D — {v — (v u ...,vi) G V n j : < 1,1 <i< I}. 
Denote by the Lebesgue measure of a fc-dimensional unit ball. Recall that 

Jc/2 



Clearly, 



14 = nrrwy (69) 



n nl/2 

B * = v S = f(r+w (70) 



For G if , n G A/";., and a G knae G -D iff ||/cnaej|| < 1 for z = 1, . . . , I. We have 

||A;n-(t)a(s-)e i || 2 = exp(2s7) (l + t 2 u + ■ ■ ■ + #_ u ) . (71) 

Let as introduce new coordinates on A°_: a>i = exp(s^), 1 < % < I. The Haar measure on 
Af_ (2HJ) is given by da = l\ l i=1 ^. By the set of (k, n~(t), a) G K x JV,_ x such 
that kn~(t)ae° G D is described by conditions: 



< <2j < 1 i = l,...,/, 

_2\ 1/2 



Thus, 
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5 t (a ) n dkdn~ da~ 

"1 fl ' /I „2" ' 



iWi f (l-a^a^dcH 
i=i Jo 



i=i 



n r !L 4 ±1 ■ (72) 



2T(1 + n/2V 11 I 2 
\ ' ' i=i x 

In the last step, we have used (|69j) and the well-known identity for T-function and B- 
function. Finally, by (JZQJ and JZ2J), 

2« 7r «(2n-«+l)/4 

^ = r(ra/2)r((n - l)/2) • ■ • T((n - / + l)/2) ' (?3) 

□ 



Proof of Lemma 1 ? Let 

d(o) = diag (1, . . . , 1, a J+1 , . . . , a n ) 
for a = (ai + \, . . . , a n ) € M. n ~ l , and 

a(A) = diag ^1, . . . , 1, \~ l , . . . , A^ J . 

For 6 = n + (t)d(a), define 

A(6) = £ a * + E a ?4- ( 74 ) 

l<i<n max(i,i)<j 

Note that A(6) = ||6|| 2 — Z. Thus, it is enough to compute asymptotics of the function 

00) d = / dgi(b). 



JA(b)<x 

as x ^ oo. By Tauberian theorem |Widt Ch. V, Theorem 4.3], it can be deduced from 
asymptotics of the function 



fOO 

ip(X) = f I e- Xx d(j){x) = I exp{-XA(b)}dgi(b). (75) 

'b° 
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as A — > 0+. It is more convenient to work with the function 

■0(A) = V (A^) • (76) 
Let Bf = Ni + d(R d + ) = Bfa(R+). One can check that 

f f(nd(a))dn+^ ■ ■ • ^ = / f(ba(X))d Ql (b)^ (77) 

JN l+ xR1- 1 a l+l a n JB°xR + a 

for / e L l (B°). (In fact, each of the integral defines a right Haar measure on Bf.) 
Consider Mellin transform of the function ip: 

F(z) = r^(\)\^^ [ exp{-A(ba(\))}\ z d Ql (b)^ 



A -'BfxR+ A 



Ni+x. 



J J ai+1 



y exp I - ( a i%) 2 - 



n 



a 2 



n-i I msx(i,l)<j i=l+l 

n \ z ~ 1 n 

I [ a; J | [ ] [ da,- 

yi=l-\-\ J max(i,l)<j i=l+l 

Using that J R e~ x2 dx = y/ir, we get 

(n+l-l)(n-l) f j v „ 1 / -|— |- _ ■ \ 

F(z) =7i 4 / exp < — } d; > II d; M dai + i . . . da Ti 
Making substitution = a 2 , we get 



=1+1 J V=/+i 



(ra + i-l)(n-i) n . 

*■« - n r . (T8) 

j=/+i v y 

By Mellin inversion formula, for sufficiently large u, 

^(A) = ±-f F(z)\- Z dz. (79) 
2m ./Re(*)=u 

Since T-function decays fast on vertical strips, we can shift the line of integration to the 
left. By (JZHJ), the first pole of F{z) occurs at z = n — 1. Therefore, it follows from (|79j) that 

*M ~ II r (^) ^ + . 

j=l+l V 7 

By (USD, 

( n+i -i)(„_i) n _ x 

7T 4 TT „ I n — I \ , (n-l)(n-i) 

2 n-z-i n r M a ^~ as a ^°+- 

j=J+l V ' 
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Finally, the asymptotic estimate for (f)(x) as x — > oo follows from Tauberian Theorem [Wid, 
Ch. V, Theorem 4.3]. We have 

(n+J-l)(n-J)/4 n-1 / \ 

n r ( v ■ < 8 °) 



2 n-l-l T ( (n-lKn-0 + , /+] 



This proves the lemma. □ 

The following lemma is used in the proof of Lemma ITH1 
Lemma 28. For C G R and T > 0, 

(t 2 - N(s+) -I) exp I Yl ( n ~ k ) s+ k \ ds+ ' ( 81 ) 

where 

n (n-l)(n+l-l)/4 



C n ,l 



r(l + (n-0(n + Z-l)/4)' 

n 

AT( S+ ) = ^exp{2 S +}. (82) 



i=J+l 

Proof. Note that 



L( S +)n(t) :Z + iV( S +) + £ ex P {2s+}tJ+ ^ ^ < T 2 

I l<i<j<n l<i<l;l<j<n 



i<j<n l<i<l;l<jt 

We use the formula (j2H for £>/ and make the change of variables 

Uj -> exp{-s+}^- 

for I < i < j < n. The formula (J5TJ) follows from the fact that the volume of a unit ball in 

R m is 7r m / 2 /r(l + m/2). □ 

Proof of Lemma C3 For io = ^ + l?---, ri — 1, put 

A* >T = {a( S +) G A° + ^ T : a + < C7} and fl* = {a(a+)n(f) G : a + < C7}. 

We claim that Qi(B l ° T ) = o(g(B° T )) as T — > oo. If a(s+) G ^4° +T , then < logT for every 
i — I + 1, . . . , n. Then as in Lemma T 



„• , (n-0("+i-l) 



/ , eXP \ ( U ~ k } S k f ds 

J A \+,T Vk=l+1 ) 

< T a ] [ / exp{(n-A;)s+}^ 



l<k<n,kj^io 
y(n— l)(n— f)—(n— io) 

Now the claim follows from (jHfij) . Since 

A°t _ 5 & = IJ 5 , 

Z<io<n 



UNIFORM DISTRIBUTION OF ORBITS OF LATTICES ON SPACES OF FRAMES 



31 



we have 

Ql (Bl T - B° T ) = o( ei (Bl T )) as T^oo. 
Therefore, Q[(B^ T ) ~ ^(£> ; ° T ) as T — > oo. □ 

Proof of Corollary^ By Theorem ^ Tv° is dense in V n ^. By Theorem El holds. The 
volume of Y\G was computed by Minkowski. For the measure p,, we have 



/ ,(r\G) = 2-("- 1 )n^ l/2 r(V2)C(^ 



1=2 



(sec [ShOO, Theorem 5.6]). 
Therefore, 



N T (Q, v°) ~ ^jVolCi; ) 1 -" Qf Tl*-QM as T 



oo, 



where 



a i n n ( n ~ 1 )/ 2 
V' = ^ = + :) r ^ 11 CO" 1 - (83) 

Here we used that = ypH. □ 
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